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explosion, and that of the heat source may be obtained as self-similar solutions of the
second kind if defining parameters of the pre-self-similar statement of the problem are
"unluckily" seilected, The possibility of obtaining these solutions in the form of self-
similar solutions of the first kind is related to the selection of energy £ and total heat
@ as the determining parameters which, by virtue of the corresponding integral conserva-
tion laws, do not change in time),

In conclusion the authors wish to thank V, M, Entov for his attention to this work,

BIBLIOGRAPHY

1, Zel'dovich,Ia.B, and Raizer,Iu,P,, Physics of Shock Waves and High
Temperature Hydrodynamic Phenomena, 2nd Edition, M., "Nauka", 1966,

2., Brushlinskii,K.B, and Kazhdan,Ia, M,, On the self-similar solutions
of certain problems of gas dynamics, Usp. matem, nauk, Vol, 18, N°2, 1963,

3. Sedov, L, 1., Methods of Similarity and Dimensionality in Mechanics, 4th Edition,
M., Gosthekhizdat, 1957,

4, Barenblatt,G,1, and Krylov, A, P,, On the elastic-plastic filtration
mode, Izv, Akad, Nauk SSSR, OTN, N2, 1955,

5. Kamenomostskaia, S, L,, On a particular problem of filtration theory,
Dokl, Akad, Nauk SSSR, Vol, 116, N1, 1957,

6. Handbook of mathematical functions with formulas, graphs and mathematical tables,
Washington, D,C,, 1964,

Translated by J, J, D,

ON THE PERTURBATION OF A FILTRATION FLOW

BY A SINGLE CRACK

PMM Vol, 33, N5, 1969, pp. 871-875

1, M, ABDURAKHMANOV
{Makhachkala)
(Received March 11, 1969

1, We consider the problem of steady filtration in a thin layer in the presence of a
single crack,

The flow in a crack which can be regarded as a piecewise~smooth line T' in studying
the external filtration field is describable by means of the equations of a lubricant layer,
i.e, the pressure can be assumed constant within each cross section but different at each
one ofthem; p™(s) = p*(s) == p(s); the fluid velocity u, inside the crack can be assumed
to have a parabolic profile, n2— 9% —h® ap

wo= " Gy (1.1)

Here n is the normal to the crack axis, 2k {s) is the width of the crack at the cross
section M (s), u is the viscosity of the fluid, and k is the permeability of the porous
medium,

The volume rate of the fluid flow through the cross section M (s) is given by
h
" ok (h” 4 2k) Op
Q(s)= B uodn == I s
—h

(1.2)
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From the condition of conservation of the mass of filtered fluid in each crack element
MM* we obtain the following condition along the crack:
LA N 1'S (1.9)
on on kds

Making use of Eq, (1, 2), we can rewrite this condition as

w}}Zh(s)}O (1.%)

9pT  dp~ 4 [ dp .
5 —on + 3 0 s )”01 b(sh= Eye

Let us introduce the complex potential
W= +id, ¢@=—kpip
Here 4 is the siream function, Integrating over s, we obtain
& .
5t — =Pt —y, =89 (0) (15
Condition (1,4) and the analysis to follow are also valid for isothermal gas fiftration

provided we replace the pressure p by its square,
The author of [1] obtained a condition of the (1, 5) type on the basis of other consider-

ations,
2. Let us consider the case where the crack axis coincides with the segment T' |

} |
o= ae®, <1

f;":: 298,
Following [1], we shall attempt to find the complex potential in the form
1 (e{)dt
W =F @)+ g | 90 @0

r

Here # (z) is some analytic function whose point singularities do not lie on the crack;
o (#) is the required function which satisfies the Holder condition at the segment I
Applying the Sochocki formulas [2] to the function W (z) as z— { & T' and making

use of boundary condition (1. 5) for ¢y = 0 [1], we obtain a functional equation for deter-

mining the discharge function,
® (=" -, 0 (~ D=0 {)=

1

’ L g e .,
amzzg =Re ' ({{yzo+ 57 57 *%{Ei; . lsl<lt 2.2)
-1

The inverse problem {that of finding the function & (s} on the basis of a given function
@ (s)and using it to construct the corresponding flow) is always solvable, The case
® (8) == @, {1 — s?) is investigated in [1].

We shall solve the direct problem assuming the existence of the derivative ' (s)
which satisfies the Holder condition in the interval (—1, 1). Under this assumption and
with allowance for the conditions o (— 1) = (1) =0, we can rewrite Eq, (2, 2) as

1
2na§)—%—— g Wm2nﬁeﬁ"(§)zm [s]<1 (2.3)
-1

The function ® (5) is therefore that solution of the integrodifferential equation (2. 3)
which satisfies the homogeneous boundary conditions, This equation is the familiar
Prandtl equation of the theory of wings of finite span investigated in [3~5],

In the special case of the function § (s) = V1 — s*/p (s) . Where p (s) is an even
analytic positive-valued function on the segment {—1, 1], Eq, (2.3) is equivalent to
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the integral equation [4]

1
@ (s)=w(0)cos B (s) + S Ko(s, ) o (5) 45 + go(s) (2.4)

5 —1
go(s)=—2 Ssin [0 (1) — 0 (s)] Re F* (L) zodt 4-
0

Re F*({) zo7s

2 Ccos[0(t)—0(s)] Vi—qt
+ “S Vit dt S 5—1
4] -1
. 8{ty—8 (s . dt
Ko, 6)3“?SCQS{V(‘I£)—t2()Ip(ci'—p(t) dt, 8(s)=ZaS 5@ st
1] o

If cos 8 (1) & 0, then we make use of the conditions @ (—1}=@® (1)==0 to obtain
the Fredholm integral equation

@ (s) — S K(s, s)o(s)ds=g(s) (2.5)
-1
1 g
g(s):go(s)—%‘%sz%—(ﬂ, K (s, 5) = Ko(s, 6) — Egm____%_ﬁ_(_?) @.6)

For cos 8 (1) = 0 we obtain the system 1

o) =0(0)cosB(s) + | Kols, 0) (3) + g0 (5) @7
1 -1
{ Kot 90 @)ds + go(t) =0

—1

The undetermined constant appearing in the firstequation of (2.7) must generally be
determined from the second equations of (2, 7). If this constant is not determined from
the latter equation, then it must be chosen in such a way that the solution of the first
equation of system (2, 7) is the solution of Eq, (2. 3).

The kernels of Egs, (2.6),(2, 7) become degenerate if p ()= V1 — 2/ (s) isa
rational function, The required function ® (s) can then be expressed explicitly in quad-
ratures {41,

3, Let 8(s)=by V1 — s be== const; then p (s) = const; K, (s, o)= 0. From
(2, 4) we obtain .
® () =0 (0) cos 8 (s) + go (s), O ()= xarcsins, x=2a/b, (3.1
Formula (3, 1) enables us to construct the solution of Eq, (2. 3) in explicit form for any
function F’ (z).
For example, if F’ (z) = V,then ReF’ ({) zo = Va cosP, and some simple operations
bring us to the solution 2Vacosp 5
== — (3.2)
o (s) = Xy Fx V s .
which is also valid in the case cos 0 (1) == cos {an / by) = 0.
Formulas (2, 1) and (3. 2) yield the following expression for the complex potential
W (3): ~if
&) T/V(z)zvz-i-ve1 _:(;CSB[V —zg® —z} +¢, ec=const (3.3)
In the case § = 0 we can take the limit as z — z 4 #0 to obtain the following expres-
sion for the complex velocity:
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aw= . [V=v et tiEE@—a T (21<a)
T T vyt i =12 @ — a7 (21>
From the expression for v= in (3.4) we see that the crack absorbs the layer fluid for

— a < z < 0 and supplies fluid to the layer for 0 <z << a
If F(z3=AIn (z — b), b & T, then the function g, (s) in formula (3, 1) for @ (s)be-

comes s
go(sy= —2 Ssin [8(t) — B8 (s)] Re Az dt
& I Re iy di

0

(3.4)

8
+_2_ Scos 0@O—0() S Vize Azp (3:5)
no, Vi— ) c—t Rezcs—b ds
For cos® 0 we h
or cos 8 (s) 3= 0 we have 20 (1) cos 6.(s)
©E)=80)—~ “osm (D) (3.6)
Contour integration yields the following expression for the discharge ¢ of a borehole
at the point z=b: 2tk py— po
KARTI FY Foy oy gy ¥
1

1 oy (S) ds 8)

b= Rl S eet)  me =202 (3.7)

Here p, is the pressure at the working contour of a borehole of radius ry ; P,is the
pressure at a circular feed contour of radius r, with its center at the point z = b.

4, In the more general case where the function 1/8 (s) is integrable on the segment
{~1, 1] and where & (s) >> 0 for|s| < 1, we can express the required function ® (5} in
the form s 1

R (q A S)
w(g) — R ® ds = S s, ) ®' (o) ds, s = 4.1
( ) ‘l (d) IX( G) ( ) X( G) {0 ( >S‘) ( )

Making use of expression (4, 1), we can rewrite (2, 3) as

1 1
1 ‘o) d
o VS Qx(e 9) 0’ (9)ds— F1 (5 12

-1

Fl(s):'ReF'(C)zo, 5] <1

Assuming that the right side of Eq, (4, 2) is known, we make use of the inversion for-

mula for an integral with a Cauchy kernel to obtain [2, 8]
i1

1
1 2 T
o ) === S [6—% Q X (1, 6) & (c)dS»—-Fl(r)J Vi- r— Vio2 o o
—1 .

The above assumptions concerning the functlonsw (o) and & (v) in the iterated inte-
gral enable us to alter the order of integration [6].

We have 1
m'(s)z-—-ﬁ—;—T;HK1<s,s>m'(s>dc+fo(s)], 5] <1 (6.4)
-1
—v d T—oFr@d
Kl(s,c)—zaiva(ff 2 e =— SL—:’_—“-QJ (4.5)

-1
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Prom (4. 5) we see that the kemnel K, (s, 0} has a logarithmic singularity for s= ©
[2, 6]. Introducing the notation @’ (s) = @ (s)/ ¥ 1 — s, we can rewrite Eq. (4.4) as

1
@' (5) = S 71(1}*%% W' (B)ds4fo(s), [s|<1 (4.6)
-1

In order to eliminate the "fixed" infinity at the ends of the segment [~1, 1], we make

the substitution of variables .. sino;, s= sins, (4.7

Denoting w’, [s (s;)] by ©, (5), we find from (4.86), (4. 7) that
r/g
o @)=\ K o)or @t lal <o (4.8)
—n/3

We can proceed in the same way in the case of a fixed integrable infinity of an order
a <1,

By virtue of the foregoing statements, Eq, (4. 8) has a logarithmic (movable) singularity
only and is therefore a quasi-Fredholm integral equation, The Fredholm alternative, the
theorem on solvability conditions, and the other results of the Fredholm theory are valid
for this equation (after the first iteration),

The author is grateful to M, G, Alishaev, I, V, Tsenov and G, A, Magomedov for their
comments and useful suggestions,
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